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In this paper, we derive rotating black string solutions in the presence of two kinds of 
nonlinear electromagnetic fields, so called Born-Infeld and power Maxwell invariant. Inves- 
tigation of the solutions show that for the Born-Infeld black string the singularity is timelike 
and the asymptotic behavior of the solutions are anti-deSitter, but for power Maxwell in- 
variant solutions, depend on the values of nonlinearity parameter, the singularity may be 
timelike as well as spacelike and the solutions are not asymptotically anti-deSitter for all 
values of the nonlinearity parameter. Next, we calculate the conserved quantities of the 
solutions by using the counterterm method, and find that these quantities do not depend on 
the nonlinearity parameter. We also compute the entropy, temperature, the angular velocity, 
the electric charge and the electric potential of the solutions, in which the conserved and 
thermodynamics quantities satisfy the first law of thermodynamics. 



I. INTRODUCTION 



The nonlinear source of general relativity attract the significant attention because of the specific 
properties such as the black hole solutions with interesting asymptotic behaviors, existence of the 
soliton solutions, solving the initial singularity in the early universe and so on. The pioneering 
theory of the nonlinear electrodynamics was proposed, by Born and Infeld with the aim of 
obtaining a finite value for the self-energy of a pointlike charge. In 1935, Hoffmann [jj] attempted to 
relate the nonlinear electrodynamics and gravity. He obtained a solution to the Einstein equations 
for a pointlike Born-Infeld charge, which is devoid of the divergence of the metric at the origin that 
characterizes the Reissner-Nordstrom solution. 

After these great achievements, because of difficulties that appeared in mathematical formula- 
tion, there were not any appreciable attentions to the nonlinear electromagnetic fields. In other 
word, the Born-Infeld theory was nearly forgotten for several decades, until the interest in nonlin- 
ear electrodynamics increased in the context of low energy string theory [3J . The exact solutions 
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of Born-Infeld theory coupled to gravity with or without a cosmological constant have been con- 
sidered by many authors [4|. The rotating solutions of Born-Infeld gravity with various horizons 
and investigation of their properties have been considered in Ref. 

In recent years there has been aroused interest about black hole solutions whose source is 
Maxwell invariant raised to the power s, i.e., {F^ V F^ V ) S as the source of geometry in Einstein and 
higher derivative gravity [□]. This theory is considerably richer than that of the linear electromag- 
netic field and in the special case (s = 1) it can reduce to linear field. Also, it is valuable to find 
and analyze the effects of exponent s on the behavior of the new solutions and the laws of black 
hole mechanics Q]. In addition, in higher dimensional gravity, for the special choice s = d/4, where 
d =dimension of the spacetime is a multiple of 4, it yields a traceless Maxwell's energy-momentum 
tensor which leads to conformal invariance. The idea is to take advantage of the conformal sym- 
metry to construct the analogues of the four dimensional Reissner-Nordstrom solutions, in higher 



a. 



dimensions 

Being motivated by the gravity originated from the nonlinear electromagnetic fields, in this 
paper we investigate the existence of black string solutions with two types of nonlinear electromag- 
netic fields, called Born-Infeld theory (BI) and a power of Maxwell invariant (PMI), separately and 
study their properties. In general, the black string solutions of Einstein gravity have been exten- 
sively analyzed in the many literatures. For e.g., charge black string solutions have been studied in 
Ref. the nonuniform black strings have been considered in [lo| . thermodynamics and stability 



of black strings have been investigated in [ll|, [12J and also the properties of the non-abelian and 



nontrivial topology black string have been studied in [13] and [14j], respectively. 

Organization of the paper is as follows: we give a brief review of the field equations of Ein- 
stein gravity sourced by the nonlinear electromagnetic fields, present charged rotating black string 
solutions and investigate their properties, especially asymptotic behavior of them. Then, we ob- 
tain conserved and thermodynamic quantities of the black string in which satisfy the first law of 
thermodynamics. We finish our paper with some conclusions. 

II. ROTATING BLACK STRING WITH NONLINEAR ELECTROMAGNETIC FIELD 

The 4-dimensional action of Einstein gravity with nonlinear electromagnetic field in the presence 
of cosmological constant is given by 

J G = ~Tp~ I d 4 xV=g[R - 2A + L{F)\ - -L / d 3 xV=jQ(j), (1) 
lo7r J M Sir J dM 
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where R is the Ricci scalar, A refers to the negative cosmological constant which in general is equal 
to —3/1 2 for asymptotically anti-deSitter solutions, in which I is a scale length factor. 

In Eq. ([T]), L(F) is the Lagrangian of nonlinear electromagnetic field. Here we consider two 
classes of nonlinear electromagnetic fields, namely Born-Infeld (BI) and power of Maxwell invariant 
(PMI) in which their Lagrangians are 



, 4 / S 2 (l-, l + Zi) ,BI 
-(aF) s ,PMI 

In this equation, /3 is called the Born-Infeld parameter with dimension of mass, the exponent s is 
related to the power of nonlinearity, the Maxwell invariant F = F^ V F^ V in which F^ u = d^Ay—dyA^ 
is the electromagnetic field tensor and is the gauge potential. L(F) reduces to the standard 
Maxwell form L(F) = —F, when /3 — > oo and s — > 1 for BI and PMI theory, respectively. 

The last term in Eq. ([1]) is the Gibbons-Hawking surface term. It is required for the varia- 
tional principle to be well-defined. The factor 7 and are, respectively, the trace of the induced 
metric and extrinsic curvature for the boundary dAi. Varying the action ([TJ with respect to the 
gravitational field g^ u and the gauge field A^, the field equations are obtained as 

Rpu - ^SV (R - 2A) = aT^, (3) 

0, {V^L'(F)F^) = 0, (4) 

where 

T M „ = \g^L{F) - 2F llX F u x L'(F), (5) 

and L'{F) = ■ Our main aim here is to obtain charged rotating black string solutions of the 
field equations Q - ([5]) and investigate their properties. We assume the rotating metric has the 
following form [15] 

ds 2 = -f(r) (Edt - adcj)) 2 + (adt - -fdcf) +J^ + pd**, ( 6 ) 



where 3 = y/l + a 2 /I 2 , a is the rotation parameter and the functions f(r) should be determined. 
The two dimensional space, t =constant and r =constant, has the topology RxS 1 , and < (j) < 27r, 
—00 < z < 00. It is easy to show that for the metric ([6]), the Kretschmann scalar is 

2 /nj-l w 2 
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FIG. 1: F tr versus r for S = 1.2, q = 2, /? = 5 ( for BI theory: Bold line) and s = 1, s = 1.1, s = 1.2, s = 1.3 
and s = 1.4 ( for PMI theory: from right to left, respectively). 

where prime and double primes denote first and second derivative with respect to r, respectively. 
Also one can show that other curvature invariants (such as Ricci scalar, Ricci square, Weyl square 
and so on) are functions of /", f'/r and / /r 2 and therefore it is sufficient to study the Kretschmann 
scalar for the investigation of the spacetime curvature. 
Here, we use the gauge potential ansatz 



where q is an integration constant which is related to the electric charge of black string, 
2-Fi([a, b], [c], z) is hypergeometric function and A = (2s — 3)/(2s — 1). It is notable that for 
s = 0,1/2, the function h(r) = Constant, we do not have electromagnetic field and therefore in 
the rest of the presented paper we exclude these cases from our discussion. One may note that in 
the linear limit, /3 — > oo for BI branch and also s = 1 for PMI branch, of Eq. ([8]) reduces to the 
gauge potential of linear Maxwell field [if]]. It is easy to show that the non- vanishing components 




(8) 



in the nonlinear electromagnetic fields equation d3|). We obtain 




PMI 



BI 
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of the electromagnetic field tensor can be written in the form 



F tr = x < 



-Pr (/? V + q 2 ) 



-1/2 



-1, 



,BI 
,PMI 



(10) 



Ar A , s ^ § 

= -^F tr . (11) 

It is remarkable that for s = 3/2, the electromagnetic field is proportional to r , in which the 
same as charged BTZ black hole [itI . fis| . Also, it is interesting to note that, in general case, 
the expression of the electric field depends on the nonlinearity parameter (/3 or s), and its value 
coincides with the 4-dimensional Reissner-Nordstrom solutions for the linear limit. We can see 
from Fig. ([1]), the electromagnetic field vanishes at large values of r, as it should be. But near the 
origin, in contrast with the finite value of the BI theory, the electromagnetic field diverges for PMI 
theory. In addition, this figure shows that the nonlinearity parameter, s, affects on the strength of 
divergency for r — > 0. 

Now, we should fix the sign of the constant a in order to ensure the real solutions. It is easy to 
show that 

F = F^ = -2 [h'{r)]\ 

and so the power Maxwell invariant, (aJ-) s , may be imaginary for positive a, when s is fractional. 
Therefore we set a = — 1, to have real solutions without loss of generality. 

To find the metric function f(r), one may use any components of Eq. (J3j) . The simplest equation 
is the rr component of these equations, which can be written as 

2r/'(r) + 2Ar 2 + 2/(r) + T(r) = 0, 



(12) 



where 



T(r) 



4/3[(/3 2 r 4 + <z 2 ) 1/2 -/3r s 



-r 2 (2s-l) 2h' 2 (r) 



,BI 
,PMI 



The solutions of Eq. (I12D can be written as 



f(r) 



Ar 2 



-+ < 



M 

3 



/5 r 2_ ( /3 2 r 4 + ^l/2 



+ 



2-F1 ([hi] » [ 



51 _ Q 

41 ' p 2 r 4 



BI 



2 s - 1 (2s - 1) A^-y 5 ^- 1 , < s < L s < 
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FIG. 2: Penrose diagram with negative A for BI theory with arbitrary (3 and PMI theory when < s < |, 
with two horizons r+ and r_ and timelike singularity at r — in which dotted curves represent r — constant. 



where m is the integration constant which is related to mass parameter. One can check that the 
solutions given by Eq. f)13|) satisfy all the components of the field equations ([3]). It is notable that 
for s = 3/2, the charge term in (|13|) includes logarithmic term and is different from other cases. 
This special solution (s = 3/2), is very close to BTZ solutions (see ]j| for more details). 



A. Properties of the solutions 

The metric function f(r), presented here, differs from the linear 4 -dimensional Reissner- 
Nordstrom black hole solutions; it is notable that the electric charge term in the linear case is 
proportional to r -2 , but in the presented metric function, this term depends on the nonlinearity 
parameter (/3 or s). It is notable that in the linear case (/3 — > oo for BI or s = 1 for PMI)jthe 
presented solutions reduce to the asymptotically anti-deSitter charged rotating black string [151 ]. 
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FIG. 3: Penrose diagram with negative A for BI theory with arbitrary (3 and PMI theory when < s < §, 
with one horizon (extreme black string) r + = r_ = r/j and timelike singularity at r = in which dotted 
curves represent r = constant. 




r=0 

FIG. 4: Penrose diagram with negative A for PMI theory when s < or s > |, with one horizon r + and 
spacelike singularity at r = in which dotted curves represent r = constant. 

In order to study the general structure of these spacetime, we first explain the crucial role of 
negative cosmological constant. One can find that for vanishing cosmological constant, we have 
physical solutions only for s = 1 in PMI source and f3 — > oo for BI theory (linear source). In 
other word, for nonlinear sources we need to insert negative cosmological constant in the grav- 
itational field equations to obtain meaningful solutions. This is due to the fact that, repulsive 
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FIG. 5: f(r) versus r for A = —1, q = 2, m = 5, j3 — 0.7 for BI theory (Bold line) and s = 1 (dotted line), 
s = 2 (solid line), s = — 2 (dashed line) for PMI theory. 

gravitational contribution, arising from nonlinear electromagnetic source, should balance by the 
attractive contribution of the negative cosmological constant (for more details see |l9l|). 

existence of nonlinear source, the black string solutions exist only in the presence of nega- 
tive cosmological constant, when the repulsive gravitational contribution, originate from nonlinear 
electromagnetic source, is balanced by the attraction of the negative cosmological constant. 

Second, we investigate the effects of the nonlinear electromagnetic field on the asymptotic 
behavior of the solutions. The solution of BI theory is asymptotically anti-deSitter for all values 
of nonlinearity parameter j3. But in PMI solutions the asymptotic behaviors are different. It is 
worthwhile to mention that for < s < 5, the asymptotic dominant term of Eq. (|13p is third 
term and the presented solutions are not asymptotically anti-deSitter, but for the cases s < or 
s > \ (include of s = |), the asymptotic behavior of rotating black string solutions are the same as 
linear anti-deSitter case Third, we look for the essential singularity(ies). After some algebraic 
manipulation, one can show that the Kretschmann scalar (|7|) with metric function (|13p diverges at 
r = and is finite for r / 0. Thus, there is a curvature singularity located at r = 0. In addition, 
Penrose diagrams, Figs. ©-(jU) and also Fig. ([5]) show that the singularity is timelike for BI theory 
and < s < | in PMI theory, but for s < or s > | it is spacelike. Drawing the Penrose diagrams 
show that the casual structure of the solutions are asymptotically well behaved. 
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B. Conserved quantities 

Next, we calculate the conserved quantities of the solutions. To compute the conserved charges 
of our solutions, we use the approach proposed by Balasubramanian and Kraus in j^jj]. This 



technique was inspired by anti-deSitter/conformal field theory correspondence 



211 ] and consists in 



adding suitable counterterms I c t to the action of the theory (prj in order to ensure the finiteness 



51 

Therefore we supplement the general action (JTJ) with the following boundary counterterm 



of the boundary stress tensor T a b = -^==-^% derived by the quasilocal energy definition 



221. 



Varying the total action (J toi = Iq + I ct ) with respect to the induced metric j a b, we find the 
divergence-free boundary stress-tensor 

T ab = « ^ 

To compute the conserved charges of the spacetime, one should choose a spacelike surface B in 
dA4 with metric o~ij, and write the boundary metric in Arnowitt-Deser-Misner form 

jabdx a dx a = -N 2 dt 2 + o-ij {d^ + V i dt) ( V + V s dt) , 

where the coordinates ip 1 are the angular variables parameterizing the hypersurface of constant r 
around the origin, and iV and V 1 are the lapse and shift functions, respectively. When there is a 
Killing vector field £ on the boundary, the quasilocal conserved quantity associated with the stress 
tensor of Eq. (|15p can be written as 

Q(£) = / d 2 x^T ab n a (16) 
JB 

where a is the determinant of the metric o~ij, £ and n a are, respectively, the Killing vector field and 
the unit normal vector on the boundary B. In the context of counterterm method, the limit in which 
the boundary B becomes infinite (Boo) is taken, and the counterterm prescription ensures that the 
total action and conserved charges are finite [20j]. For boundaries with timelike (£ = d/dt) and 
rotational (5 = d/dip) Killing vector fields, one obtains the quasilocal mass and angular momentum 

M = f d 2 x^T ab n a i\ (17) 
Jb 

J = [ d 2 x^T ah n\ b . (18) 
Jb 
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These quantities are, respectively, the conserved mass and angular momenta of the system enclosed 
by the boundary B. The mass and angular momentum per unit length of the string when the 
boundary B goes to infinity can be calculated through the use of Eqs. (fTTl) and ([18]) . We find 



M 



1 



16ttZ 



3~ 2 - l) m, 



J 



3 „ 



16vrZ 



ima. 



For a = (H = 1), the angular momentum per unit length vanishes, and therefore a is the rotational 
parameter of the spacetime. 

Next, we obtain the entropy of the black string. Bekenstein argued that the en trop y of a black 
hole is a linear function of the area of its event horizon, which so-called area law [23(] and also he 
proposed a value for the proportionality constant, deduced from a semiclassical calculation of the 
minimum increase in the area of a black hole when it absorbs a particle. Since the area law of the 
entropy is universal, and applies to all kinds of black objects in Einstein gravity j^Q], therefore 
the entropy per unit length of the black string is 



S 



4/ 



Although our solution is not static, the Killing vector 



X 



(19) 



(20) 



is the null generator of the event horizon where £1 is the angular velocity of the outer horizon. 
By analytic continuation of the metric we can obtain the temperature and angular velocity of the 
horizon. The analytical continuation of the Lorentzian metric by t — > it and a — > ia yields the 
Euclidean section, whose regularity at r = r + requires that we should identify r ~ r + /3+ and 
<p ~ <j) + iflf3 + , where /3 + is the inverse Hawking temperature of the event horizon. We find 

,2 \ i/2l 



n-l ~ Ar + 1 



1 



1 + 



,BI 



2 a - 1 (2s-l)A 2 V s 
(2 S +1)/(2 S -1) 

2 3 /y 

2 s - 1 (2s-l)A 2s g 2s 
(2s + l)/(2s-l) 1 



< s < \ ,s <0 
s = ^ 

b 2 

Otherwise 



(21) 



,PMI 



and 
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The next quantity we are going to calculate is the electric charge of the black string. The electric 
charge per unit length of it, Q, can be found by calculating the flux of the electromagnetic field at 
infinity, yielding 



Q = — x < 
* 8tt ^ 



2q 



23/2 „2 



q, a - 2 



,BI 
,PMI 



(23) 



-2 s A 2s-1 g 2s-1 , s + | 



The electric potential U, measured at infinity with respect to the event horizon r+, is defined by 
25] 



AuX»\ 



(24) 



\ r=r+ j 

where x is the nuu generator of the event horizon (|20p . One can easily obtain the electric potential 
as 



U 



x < 



*-r+ 



2 F 1 ([|>|] > [l 


1 i 2 




—r + In r + 


s- 5 


1 







,BI 
, PMI 



(25) 



Having the conserved and thermodynamic quantities of the rotating black string at hand, we are 
in a position to check the first law of black hole thermodynamics. Using the Smarr-type formula 
for both branches, it is straightforward to calculate the temperature, angular velocity and electric 
potential in the following manner 



dM 



9. 



dM 
~dJ 



U 



9AT 
dQ j S J 



(26) 



J,Q \ uu / S,Q 

Since the quantities calculated by Eq. (f26|) coincide with Eqs. (|2"T]). ([22]) and (p5|) . one can conclude 
that these quantities satisfy the first law of thermodynamics 



dM = TdS + ndJ + UdQ. 



(27) 



III. CONCLUSION 



In this paper, we obtained a new class of rotating black string solutions in the presence of 
negative cosmological constant and investigated their properties. The matter fields, in which we 
considered, are two kinds of nonlinear electromagnetic fields, called Born-Infeld theory and power 
Maxwell invariant source. As expected, the nonlinearity parameters effected on the electromagnetic 
field, clearly. Although investigation of nonlinear electromagnetic source is more complicated, but 
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nonlinear sources are more flexible. For e.g., it is interesting that we could obtain the BTZ-like 
solution for s = 3/2. 

In addition, it is worthwhile to mention that the repulsive gravitational contribution arising from 
nonlinear sources is balanced by the attractive contribution of the negative cosmological constant. 
In other words, we did not encounter with physical solutions if we considered the nonlinear sources 
without A term. 

After presented physical solutions, we investigated their properties. As one can see from Penrose 
diagrams, the singularity of the Born-Infeld black string is timelike and the asymptotic behavior of 
the BI solution is anti-deSitter, but for power Maxwell invariant source, the singularity type and 
the asymptotic behavior of the solutions depend on the values of nonlinearity parameter. 

Then by using the counterterm approach, we calculated the conserved quantities of the solutions 
which they did not change with respect to the linear Maxwell field. Also, using the area law, Gauss 
law and analytic continuation of the metric, we achieved the entropy, the electric charge and the 
temperature and angular velocity of the solutions. It is notable that, in contrast with the Born- 
Infeld black string, the nonlinearity parameter of the power Maxwell invariant solutions effected 
on the electrical charge. Finally, we obtained the electric potential of the black string and checked 
that these conserved and thermodynamic quantities satisfy the first law of thermodynamics. 
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